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1. INTRODUCTION
In this paper we consider the inverse problem in differential Galois
theory. We give an effective construction of irreducible linear differential
equations of order 2 with their Galois group being a primitive unimodular
group of degree 2, i.e., a primitive subgroup of the special linear group of
degree 2. Up to isomorphism, there are three such groups which are
double covers of the alternating groups A , A and of the symmetric4 5
group S , respectively.4
w xIn 4 we obtained a method of construction of differential equations
with Galois group a finite irreducible subgroup of the linear group, which
w xmodifies the one given by Singer and Ulmer 15 , and applied it in
particular for A , S , and A , subgroups of the linear group of degree 3.4 4 5
The construction starts with a polynomial with Galois group the given
group and is based on representation theory.
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For the groups considered in this paper, the way to obtain an algebraic
Galois realization is to solve the Galois embedding problem associated to
Ž w x.the corresponding double cover see 2, 3 . We give a method which
reduces the determination of the irreducible differential equation with its
Galois group being the given group to the resolution of a system of linear
equations. To this purpose, we determine explicitly the irreducible invari-
ant subspace corresponding to the differential equation and exploit the
knowledge of the Galois action on the algebraic extension.
w xIn 10 , van der Put and Ulmer construct differential equations with
ŽGalois groups 2 A , 2S , and 2 A contained in the list of Schwarz see4 4 5
w x.12 which consists in differential equations of order 2 admitting a hyper-
geometric function as a particular solution. Our method allows us to reach
more general differential equations as we do not make a priori assump-
w xtions on their solutions. In 11 , Schmidt-Thieme constructs explicitly
differential equations with Galois group a permutation group of degree up
to 11 by factorizing differential polynomials. The computation time for
these factorizations increases enormously for differential polynomials of
degree more than 10.
The first author thanks Professor Łojasiewicz and his seminar group for
their hospitality during her stay at the Jagiellonian University.
2. PRELIMINARIES
We recall the definitions and results of differential Galois theory which
w xwe use in the paper. We refer the reader to 6; 7 and 14 for more details.
For simplicity of exposition we assume all fields to be of characteristic 0.
For the tools of group representations and characters used in the paper
w x w xwe refer the reader to 1 and 5 .
Ž . Ž .DEFINITION 1. Let K, D be a differential extension of k, d . A
differential k-automorphism of K is a field automorphism that leaves k
Ž .fixed and commutes with D. The differential Galois group G K N k of the
differential field extension is the set of all differential k-automorphisms
of K.
Ž .DEFINITION 2. Let L y s 0 be a homogeneous linear differential
equation of degree n with coefficients in a differential field k with field of
constants C. A differential field extension K of k is called a Picard]Ves-
Ž .siot extension of k for L y s 0 if the following holds:
Ž . ² :1 K s k y , . . . , y , the differential field generated by k and1 n
 4 Ž .y , . . . , y where y , . . . , y is a fundamental set of solutions of L y s 0.1 n 1 n
Ž .2 Every constant of K lies in C.
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To assure the existence of a Picard]Vessiot extension for a given
homogeneous linear differential equation we assume that the field of
constants of the considered differential field is algebraically closed.
Ž .PROPOSITION 1. Let k, d be a differential field and K an algebraic
extension of k. Then the deri¤ation of k can be extended uniquely to K and
K N k is a differential extension. Moreo¤er, e¤ery k-automorphism of K is a
Ž .differential automorphism and so the differential Galois group G K N k
coincides with the algebraic Galois group.
We recall how the derivation of k extends to K. If K is a finite
Ž .extension of k, let a be a primitive element for K over k. Let P X be
Ž .the irreducible polynomial of a over k. Let P9 X denote the derived
Žd .Ž . Ž .polynomial and P X the polynomial obtained from P X by deriving
Ž .its coefficients. The extension of the derivation is given by taking d a [
Žd .Ž . Ž .yP a rP9 a . The general case is deduced from the finite one using
Zorn’s lemma.
We recall now how to obtain a differential equation associated to the
Ž .finite extension k a N k. Let C be the field of constants of k and assume
it is algebraically closed of characteristic zero. Let W be the C-span of the
G-conjugates of a . Suppose V is a faithful G-submodule of W and let E
be the differential subfield of K generated over k by V. Then E is
G-stable and EG s k, so since G is faithful on V, and hence on E, E s K.
Let b , . . . , b be a C-basis of V. Then1 m
Wr y , b , . . . , bŽ .1 m
L y s ,Ž .
Wr b , . . . , bŽ .1 m
Ž . Ž .where Wr . denotes Wronskian, is a monic, linear homogeneous differ-
ential equation of order m with differential Galois group G.
PROPOSITION 2. Let k be a differential field with field of constants C. Let
Ž .L y s 0 be a homogeneous linear differential equation of order n, K a
Ž .  4Picard]Vessiot extension of k for L y s 0, and y , . . . , y a fundamental1 n
Ž . Ž .set of solutions for L y s 0 contained in K. For each g g G [ G K N k ,
Ž . Ž . Ž .there exists a matrix a g GL n, C such that g y s Ý a y and thei, j j i, j i
Ž . Ž .correspondence g ‹ a is a monomorphism from G into GL n, C . Ini, j
other words, we ha¤e a faithful representation of G in the C-¤ector space of
Ž .solutions of L y s 0.
w xPROPOSITION 3 14, Prop. 3.5 . Let K be a Picard]Vessiot extension of k
Ž .corresponding to a homogeneous linear differential equation L y s 0 of
order n and assume that the field of constants C of k is algebraically closed.
Ž . Ž .Let V be the solution space of L y s 0 in K. The group G s G K N k lea¤es
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Ž .an m-dimensional subspace W of V in¤ariant if and only if L y s
Ž Ž .. Ž . Ž .L L y where L y and L y are linear differential operators o¤ernym m nym m
k with degrees m y n and m respecti¤ely. In this case, W is a fundamental
Ž .space of solutions of L y s 0.m
Ž .DEFINITION 3. Let L y s 0 be a homogeneous linear differential
 4equation of order n over a differential field k. Let y , . . . , y be a1 n
Ž .fundamental set of solutions of L y s 0. We call the symmetric power of
Ž . mŽ .order m of L y s 0 the differential equation L y s 0 whose solution
 i1 i n 4space is spanned by y ??? y ri q ??? qi s m .1 n 1 n
Remark. The symmetric power of a given differential equation can be
Ž w x.effectively constructed see 15, 3.2.2 .
3. PRIMITIVE UNIMODULAR GROUPS OF DEGREE 2
The description of the primitive unimodular groups of degree 2 can be
w x w xfound in 9, Chap. X ; see also 16, 4.1.1 . Up to isomorphism, there are
Ž .three such groups which are non-trivial double covers of the alternating
groups A , A , and of the symmetric group S , respectively. We shall4 5 4
w xdenote them by 2 A , 2 A , and 2S . According to 9 , the group 2 A is4 5 4 4
generated by the matrices
y1 q i y1 q i
2 2i 0T [ , S [ ,ž / 1 q i y1 y i0 yi  0
2 2
Ž .Ž . Ž .mapped to the permutations ab cd and abc of A , respectively. The4
group 2S is generated by the matrices4
1 q i
0'2
U [ 1 y i
0 0'2
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Ž . Ž .and S above, mapped to the permutations acbd and abc of S ,4
respectively. The group 2 A is generated by the matrices5
z 00 1U9 [ , S9 [ ,4ž / ž /y1 0 0 z
z 3 y z 2 z 4 y z
' '5 5
T 9 [ ,
4 3 2z y z yz q z 0' '5 5
where z is a primitive fifth root of unity. The matrices U9, S9, and T 9 are
Ž .Ž . Ž . Ž .Ž .mapped to the permutations ad bc , abcde , and ab cd of A respec-5
tively.
The alternating group A , for n G 4, has exactly one non-trivial doublen
Ž .cover and so 2 A resp. 2 A is the only non-trivial double cover of A4 5 4
Ž .resp. of A . The symmetric group S , for n G 4, has three non-trivial5 n
double covers, two of them reducing to the non-trivial double cover of A .n
These two can be distinguished from each other by the fact that the
transpositions of S lift either to involutions or to elements of order 4. Wen
can see that 2S is the double cover of S reducing to 2 A in which4 4 4
Žtranspositions of S lift to elements of order 4 it is the group denoted by4
y w x.2 S in 3 . The non-trivial double cover 2 A of the alternating group A4 n n
Ž w x.has a spinorial interpretation see 13 . More precisely, we can consider
the Clifford algebra C of the identity quadratic form in n variables over a
field k, i.e., the k-algebra generated by the elements e , . . . , e with the1 n
relations e2 s 1, 1 F i F n; e e s ye e , 1 F i, j F n, i / j. The subgroupi i j j i
of the multiplicative group of the algebra C generated by the elements
1 Ž .Ž .e y e e y e , for 1 F i, j, k, l F n, is isomorphic to 2 A and thei j k l n2
1 Ž .Ž .epimorphism 2 A “ A is given by sending e y e e y e to then n i j k l2
Ž .Ž .permutation ij kl . This spinorial interpretation will allow us to run easily
explicit computations in the groups 2 A and 2 A . Now, if we consider the4 5
morphism from the group S into the alternating group A given by4 6
Ž . Ž w x.s ‹ s. 56 , the preimage of S in 2 A is isomorphic to 2S see 3 , and4 6 4
using this fact we can also run computations in the group 2S by using a4
Clifford algebra.
Ž .The group 2 A has one irreducible representation in SL 2, C . In its4
character table, there are three irreducible characters of degree 2 sending
elements of order 3 to y1 or a primitive sixth root of unity. The fact that
Ž .in SL 2, C the trace of an element of order 3 is y1 allows us to determine
Ž .the character corresponding to the representation in SL 2, C .
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Ž .The group 2S has two irreducible representations in SL 2, C , which4 'are obtained from each other by applying the automorphism sending 2 to
'y 2 . In its character table, there are three irreducible characters of
degree 2, one of them coming from a representation of S . We can see4
Ž .that the other two are the characters of the two representations in SL 2, C
Ž .taking into account that in SL 2, C the trace of an element of order 8
'is " 2 .
Ž .The group 2 A has two irreducible representations in SL 2, C , which5 'are obtained from each other by applying the automorphism sending 5 to
'y 5 . In its character table, there are just two irreducible characters of
degree 2.
We will examine now the possible realizations of these groups as
algebraic Galois groups. In the following G will denote one of the groups
A , S , or A and 2G will denote the corresponding double cover. Let G4 4 5
be realized as an algebraic Galois group over the field k by the extension
K N k. We can realize 2G as a Galois group over k by solving the
embedding problem given by K N k and the exact sequence of groups
 41 “ "1 “ 2G “ G “ 1, whenever it is solvable. We will say that this
Ž .embedding problem is given by 2G “ G , Gal K N k . A solution to this
embedding problem is a field L, such that L N K is a quadratic extension,
L N k is a Galois extension with Galois group 2G, and the restriction
Ž . Ž .morphism between Galois groups res: Gal L N k “ Gal K N k is the given
Ž .'morphism from 2G onto G. A solution will then be a field L s K g for
Ž .an adequate element g g K. If P X is the irreducible polynomial of g
2Ž . 'over k, then P X , the irreducible polynomial of g over k, has Galois
group 2G.
Let L N k be a Galois extension with Galois group 2G and let K N k be
the subextension with Galois group G. We look for polynomials having L
as their decomposition field. These correspond to subfields of L having L
as normal closure. If G s A , we have that the preimage of the group A4 3
 4 A3in 2 A is the direct product "1 = A and so we can consider L . Then4 3
L can be obtained as the decomposition field of a polynomial of degree 8.
If G s S , we have that the preimage of the group S in 2S is the4 3 4
non-trivial double cover of S and so the minimal degree of a polynomial3
realizing 2S is 16, which corresponds to LA3. If G s A , then A lifts to4 5 4
2 A in 2 A and so the minimal degree of a polynomial realizing 2 A is4 5 5
40, which corresponds to LA3.
4. REPRESENTATIONS AND INVARIANT SUBSPACES
Let 2G be one of the groups 2 A , 2S , 2 A and let us consider a4 4 5
polynomial realizing 2G over the differential field k, which is of the form
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Ž 2 .  4P X . From the action of the group 2G on the set of roots "x , . . . , " x1 d
Ž 2 .of the polynomial P X , we define a representation w of the group 2G
 4in the C-vector space with basis x , . . . , x , where C is the field of1 d
Ž .Ž . Ž .constants of k. For s g 2G, we have w s "x s s "x , seen as ani i
 4element of the C-vector space with basis x , . . . , x . Let x be the1 d
character of this representation. Our aim is to determine an invariant
subspace of the representation w or a symmetric power of it corresponding
to an irreducible unimodular representation of dimension 2 of the group
2G.
4.1. The Group 2 A4
The group 2 A has seven irreducible characters. Four of them are4
coming from irreducible characters of A : the trivial one x ; two non-triv-4 0
ial characters of dimension 1, x and x ; and a character of dimension1, 1 1, 2
Ž .3, x . The three others are of dimension 2: x contained in SL 2, C ,3 2, 1
x , and x .2, 2 2, 3
4.1.1. Let us assume first that the group 2 A is realized by a4
polynomial of degree 24. So now w is a representation of dimension 12 of
Ž . Ž . Ž .2 A . Its character x is given by x 1 s 12, x y1 s y12, and x s s 0,4
 4;s g 2 A _ "1 . The decomposition of the character x in the sum of4
irreducible characters gives x s 2 x q 2 x q 2 x . We note that the2, 1 2, 2 2, 3
Ž . Ž .character x is x 2 A y x A where x denotes the character ofreg 4 reg 4 reg
the regular representation. We want to determine explicitly an invariant
subspace of dimension 2 such that w restricted to it has character x . To2, 1
Ž .achieve this computation, we need to fix a basis x . We write down thei
Ž . Ž . Ž . Ž . Ž . Ž . Ž .elements of A in the order 1, 123 , 132 , 124 , 142 , 134 , 143 , 234 ,4
Ž . Ž .Ž . Ž .Ž . Ž .Ž .243 , 12 34 , 13 24 , 14 23 , and number them as s , . . . , s . For each1 12
˜s g A , we fix a preimage s in 2 A . We take I s 1; if s is a cycle of order˜4 4
3, we take s to be its preimage of order 3; if s is the product of two disjoint˜
Ž .Ž .transpositions, we write s s 1l mn with m - n and take s to be the˜
1 Ž .Ž .element e y e e y e in the Clifford algebra. We fix a root x of1 l m n 12
Ž 2 . Ž . ˜the polynomial P X and let x s s x , for 2 F i F 12. For each t g˜i i 1
Ž . Ž .˜2 A , we can compute the matrix of w t in the basis x taking into4 i 1F iF12 &
Ž . Ž Ž ..˜ ˜ ˜account that t x s t s x and that the product t.s is equal to " ts˜ ˜i i 1 i i
and the sign can be determined by computation in the Clifford algebra.& &
The group 2 A is generated by the elements 123 and 12 34 . So, inŽ . Ž . Ž .4
order to determine an invariant subspace of dimension 2 of w such that w&
Ž .restricted to it has character x , it is enough to consider w 123 andŽ .2, 1&
Ž .w 12 34 . By looking at the matrices S and T , we see that theŽ . Ž . & &
Ž Ž .restriction of w 123 , respectively w 12 34 , to the invariant subspaceŽ . Ž . Ž .
we are looking for must have eigenvalues r and r 2; respectively, i and yi.
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&
3 4Ž . Ž .The characteristic polynomial of w 123 is X y 1 . The characteristicŽ .&
2 6Ž . Ž .polynomial of w 12 34 is X q 1 . By computation, we obtain that aŽ . Ž . &
Ž .generic eigenvector of w 123 of eigenvalue r, where r denotes aŽ .
Ž 2 2primitive cubic root of unity, is ¤ s l , r l , rl , l , l , l , yr l ,1 1 1 2 3 4 3
2 2 . Ž .yr l , yrl , yrl , yr l , rl , in the basis x . Let w [4 2 4 2 3 i 1F iF12& & &
2Ž .Ž . Ž .w 12 34 ¤ . We have that 12 34 has order 4 and so w 12 34Ž . Ž . Ž . Ž . Ž . Ž .&
Ž .Ž . ² :s yI which implies w 12 34 w s y¤ . Now we impose that ¤ , w isŽ . Ž .& &
2Ž Žinvariant by w 123 and that w 123 N²¤ , w: has eigenvalues r, r . TheŽ . Ž .&
2Ž .Ž .condition that w 123 w y r w is a multiple of ¤ gives a system ofŽ .
linear equations in the l . By choosing a solution, we obtain that thei
Ž 2 2 2 .subspace spanned by ¤ s 0, 0, 0, y1, 1, r , yr , yr, r, y1, r , r , w s
Ž 2 2 2 .1, r, r , r, r , y1, 0, y1, 0, 0, r, yr is an invariant subspace of dimen-
sion 2 of w such that w N has character x .²¤ , w: 2, 1
4.1.2. Let us assume now that the group 2 A is realized by a4
polynomial of degree 8. So now w is a representation of dimension 4 of
2 A . For each s g A , we fix a preimage s in 2 A as in Section 4.1.1. We˜4 4 4 &
2Ž .denote by x the root of the polynomial P X fixed by 123 , by x theŽ .4 3& &
one fixed by 124 , by x the one fixed by 134 , and by x the one fixedŽ . Ž .2 1&
by 234 . By writing down the left cosets of 2 A modulo the subgroupŽ . 4& & &
² : Ž . Ž .123 and taking into account that x s 124 x , x s 142 x , andŽ . Ž . Ž .1 4 2 4&
Ž .x s 143 x , we can compute the representation w. The decompositionŽ .3 4
of the character x of this representation in the sum of irreducible
characters gives x s x q x . We then go to symmetric powers of w.2, 2 2, 3
Let x 2 denote the character of the symmetric square w 2 of w. Its
decomposition in the sum of irreducible characters gives x 2 s x q 3x .0 3
Let now x 3 denote the character of the symmetric cube w 3 of w. Its
decomposition in the sum of irreducible characters gives x 3 s 2 x q2, 1
4x q 4x . We will now determine an invariant subspace of w 3 corre-2, 2 2, 3
Ž .sponding to x . Let V denote the C-vector space with basis x , x , x , x .2, 1 1 2 3 4
We obtain first clearly the following decomposition in invariant vector
subspaces of the symmetric cube V 3 of V,
3 ² 3: ² 2 : ² :V s x [ x x [ x x x .1F iF 4 1F i , jF 4 1F i , j , k F 4i i j i j k
3 ² 3:We can see that the restriction of w to each of the subspaces x andi
² : 3 2x x x is equivalent to w and so the character of w contains xi j k N² x x : 2, 1i j
² 2 : 3 2twice. In the following we shall write W [ x x , c [ w , andi j N² x x :i j
x [ x 2 x . We want to determine an invariant subspace of dimension 2 ofi j i j
W such that c restricted to it has character x . As in Section 4.1.1 we2, 1& &
Ž .. Ž .just have to consider c 123 and c 12 34 . The characteristic poly-Ž . Ž . Ž .
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&
3 4Ž . Ž .nomial of c 123 is X y 1 . The characteristic polynomial ofŽ .&
2 6Ž . Ž .c 12 34 is X q 1 . By computation, we obtain that a genericŽ . Ž . &
Ž .eigenvector of c 123 of eigenvalue r, where r denotes a primitiveŽ .
Ž 2 2 2cubic root of unity, is ¤ s l , l , rl , rl , l , l , r l , r l , r l ,1 2 2 1 3 4 1 2 3
2 . Žr l , rl , rl , in the basis x , x , x , x , x , x , x , x , x , x ,4 3 4 12 21 13 31 14 41 23 32 24 42&
. Ž .Ž .x , x of W. Let w [ c 12 34 ¤ . In order that ¤ and w span anŽ . Ž .34 43
invariant subspace of dimension 2 of c such that c has characterN²¤ , w:&
2Ž .Ž .x , we impose that c 123 w y r w be a multiple of ¤ . We obtainŽ .2,1
then a system of linear equations, and choosing a solution we obtain that
Ž 2 2 2 .the subspace spanned by ¤ s 1, 0, 0, yr, 1,r, yr , 0, r , y1, r, r , w s
Ž 2 2 2 .0, 1, r , y1, r , 0, 1, yr, 0, r, yr , r is an invariant subspace of dimen-
sion 2 of c such that c has character x .N²¤ , w: 2, 1
4.2. The Group 2S4
The group 2S has 8 irreducible characters. Five of them come from4
irreducible characters of S : the trivial one x ; a non-trivial character of4 0
dimension 1, x ; a character of dimension 2, x ; and two characters of1 2, 1
dimension 3, x and x . From the remaining characters, two are of3, 1 3, 2
Ž .dimension 2, x and x , both contained in SL 2, C ; and the last one is2, 2 2, 3
of dimension 4, x .4
4.2.1. Let us assume first that the group 2S is realized by a polyno-4
mial of degree 48. So here w is a representation of dimension 24 of 2S .4
Ž . Ž . Ž .Its character x is given by x 1 s 24, x y1 s y24, x s s 0, ;s g
 42S _ "1 . The decomposition of the character x in the sum of irre-4
ducible characters gives x s 2 x q 2 x q 4x . We note that, as for2, 2 2, 3 4
Ž . Ž .2 A in Section 4.1.1, the representation w is w 2S y w S . We4 reg 4 reg 4
want to determine explicitly an invariant subspace of dimension 2 such
Ž .that w restricted to it is contained in SL 2, C . To achieve this computa-
Ž .tion, we need to fix a basis x . We take the elements s , . . . , s as ini 1 12
Ž .Section 4.1.1 and we write down the elements of S _ A in the order 12 ,4 4
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .13 , 14 , 23 , 24 , 34 , 1234 , 1243 , 1324 , 1342 , 1423 , 1432 and
number them as s , . . . , s . For each s g A , we fix a preimage s in 2S˜13 24 4 4&
as in Section 4.1.1. For s g S _ A , we take 12 to be the elementŽ .4 4
1 Ž .Ž .e y e e y e in the Clifford algebra and for the remaining elements1 2 5 62 &&
in S _ A we take s s 12 . 12 s. We fix a root x of the polynomialŽ . Ž .˜4 4 1
Ž 2 . Ž . ˜P X and let x s s x , for 2 F i F 24. For each t g 2S , we can˜i i 1 4
Ž . Ž .˜compute the matrix of w t in the basis x , taking into accounti 1F iF 24 &
Ž . Ž Ž ..˜ ˜ ˜that t x s t s x and that the product t ? s is equal to " ts and the˜ ˜i i 1 i i
sign can be determined by computation in the Clifford algebra. The group
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& &
2S is generated by the elements 123 and 1324 . Let us assume thatŽ . Ž .4 &
x is the character of the representation sending 123 to the matrix SŽ .2,2 &
and 1324 to the matrix U, for S and U as defined in Section 3. We willŽ .
determine an invariant subspace of dimension 2 of w such that w re-
stricted to it has character x . To this end, it is enough to consider2, 2& &
Ž . Ž .w 123 and w 1324 . By looking at the matrices S and U, we see thatŽ . Ž .& &
Ž . Ž .the restriction of w 123 , respectively, of w 1324 , to the invariantŽ . Ž .
subspace we are looking for must have eigenvalues r and r 2, respectively,
' 'Ž . Ž .a [ 1 q i r 2 and a s 1 y i r 2 . The characteristic polynomial of& &
3 8Ž . Ž . Ž .w 123 is X y 1 . Let ¤ be the generic eigenvector of w 123 withŽ . Ž .& &
Ž .Ž . Ž .Ž .eigenvalue r, w s w 1324 ¤ , and u s w 1324 w . In order thatŽ . Ž .
² :¤ , w be an invariant subspace of w such that w N has character²¤ , w:&
2' Ž .Ž .x , we must have u q ¤ s 2 w and w 123 w y r w a multiple of ¤ .Ž .2, 2
We obtain that the subspace spanned by
2 2 2' ' ' ' ' ' ' '¤ s y r 2 , yr 2 , y 2 , yr 2 ,y 2 , 0, r 2 , 0, r 2 , 0, 2 ,Ž
2 2 2 2 2'yr 2 , r , r , 1, 1, r , r y 1, 1 y r , y1, yr , yr q r , r , yr ,.
w s y r 2 , r 2 y r , r , yr , y1, 1, y1 q r 2 , yr , y1, yr 2 , 1 y r , r 2 ,Ž
2 2 2' ' ' ' ' ' ' ' 'y 2 , 0, yr 2 , 2 , yr 2 , r 2 , 2 , 0, yr 2 , yr 2 , 0, yr 2 .
is an invariant subspace of dimension 2 of w such that w hasN²¤ , w:
character x .2, 2
4.2.2. Let us assume now that the group 2S is realized by a polyno-4
mial of degree 16. So now w is a representation of dimension 8 of 2S . The4
action of the group 2S on the roots of the polynomial is given by the left4
cosets of 2S modulo a cyclic subgroup of order 3. For each s g S , we fix4 4
a preimage s in 2S as in Section 4.2.1. We fix a root x of the polynomial˜ 4 4& & &
2Ž . Ž . Ž . Ž .P X and take x s 124 x , x s 142 x , x s 143 x , x sŽ . Ž . Ž .1 4 2 4 3 4 5& & & &
Ž . Ž . Ž . Ž .12 x , x s 14 x , x s 24 x , and x s 34 x . By writingŽ . Ž . Ž . Ž .4 6 4 7 4 8 4&
² :down the left cosets of 2S modulo the subgroup 123 , we can computeŽ .4
Ž .the representation w in the basis x . The decomposition of thei 1F iF 8
character x of this representation in the sum of irreducible characters
gives x s 2 x . We then go to the symmetric powers of w. Let x 2 denote4
the character of the symmetric square w 2 of w. Its decomposition in the
sum of irreducible characters gives x 2 s x q 3x q x q 4x q 6x .0 1 2 3, 1 3, 2
Let now x 3 denote the character of the symmetric cube w 3 of w. Its
decomposition in the sum of irreducible characters gives x 3 s 8x q2, 2
8x q 22 x . We will now determine an invariant subspace of w 3 corre-2, 3 4
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Ž .sponding to x . Let V denote the C-vector space with basis x .2, 2 i 1F iF 8
We denote by V 3 the symmetric cube of V. We obtain first clearly the
decomposition in invariant vector subspaces of V 3,
3 ² 3: ² 2 : ² :V s x [ x x [ x x x .1F iF 8 1F i , jF 8 1F i , j , k F 8i i j i j k
3 ² 3:We can see that the restriction of w to the subspace x is equivalent toi
w and that the restrictions of w 3 to the two other subspaces of the
decomposition are equivalent to each other and the corresponding charac-
² 2 :ter is 4x q 4x q 10x . In the following we shall write W [ x x ,2, 2 2, 3 4 i j
c [ w 3 2 , and x [ x 2 x and we study further the representation c .N² x x : i j i ji j & 'Ž . Ž .The endomorphism c 1324 has the eigenvalue v s 1 q i r 2 withŽ .
multiplicity 14 and we can compute explicitly a basis of the vector space of&
Ž .eigenvectors of c 1324 with eigenvalue v. Let ¤ be a generic eigenvec-Ž .& & &
Ž . Ž .Ž . Ž .Ž .tor of c 1324 with eigenvalue v, w [ c 123 ¤ , u [ c 123 w .Ž . Ž . Ž .&
² : Ž .In order that the subspace ¤ , w be invariant by c 123 andŽ .&
2Ž .c 123 has eigenvalues r, r , it must be ¤ q w q u s 0. WeŽ .N²¤ , w: &
² : Ž .impose further that the subspace ¤ , w be invariant by c 1324 andŽ .&
Ž .c 1324 has eigenvalues v , v. This gives the conditionŽ .N²¤ , w:&
Ž .Ž .c 1324 w y v w multiple of ¤. We obtain an invariant subspaceŽ .
² :¤ , w of c such that c has character x , depending on four²¤ , w: 2, 2
parameters. By choosing the values of the parameters, we obtain the
' Ž .solution ¤ s x y ix q v 2 x q x y x y ix y ix y 1 y i x12 21 31 14 41 23 32 42'yx q ix y i 2 x q v x q v x y v x y v x y v x y v x34 43 65 57 75 58 85 67 76' Ž .yv x q v x q 2 x , w s y 1 q i x q ix y ix y x q ix y x68 86 78 12 13 31 14 41 23'Ž .q ix q x q x q 1 y i x q v x y v x y i 2 x qv x q v x32 24 42 43 56 65 75 58 85'y v x q v x y 2 x y v x q v x .67 76 86 78 87
4.3. The Group 2 A5
The group 2 A has nine irreducible characters. Five of them come from5
irreducible characters of A : the trivial one x ; two non-trivial characters5 0
of dimension 3, x and x ; a character of dimension 4, x ; and a3, 1 3, 2 4, 1
character of dimension 5, x . The four others are: one of dimension 4,5
x ; one of dimension 6, x ; and two of dimension 2, x and x , both4, 2 6 2, 1 2, 2
Ž .contained in SL 2, C .
4.3.1. Let us assume first that the group 2 A is realized by a5
polynomial of degree 120. So now w is a representation of dimension 60 of
Ž . Ž . Ž .2 A . Its character x is given by x 1 s 60, x y1 s y60, x s s 0,5
 4;s g 2 A _ "1 . The decomposition of the character x in the sum of5
irreducible characters gives x s 6x q 4x q 2 x q 2 x . We note6 4, 2 2, 1 2, 2
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Ž . Ž .that the character x is x 2 A y x A . We want to determinereg 5 reg 5
explicitly an invariant subspace of dimension 2 such that w restricted to it
Ž .is contained in SL 2, C . To achieve this computation, we need to fix a
Ž .basis x . We write down the elements of A in the following order: 1,i 5
Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž .12 34 , 12 35 , 12 45 , 13 24 , 13 25 , 13 45 , 14 23 , 14 25 ,
Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž . Ž .14 35 , 15 23 , 15 24 , 15 34 , 23 45 , 24 35 , 25 34 , 123 , 132 ,
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .124 , 142 , 125 , 152 , 134 , 143 , 135 , 153 , 145 , 154 , 234 , 243 ,
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .235 , 253 , 245 , 254 , 345 , 354 , 12345 , 12354 , 12435 , 12453 ,
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .12534 , 12543 , 13245 , 13254 , 13425 , 13452 , 13524 , 13542 ,
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .14235 , 14253 , 14325 , 14352 , 14523 , 14532 , 15234 , 15243 ,
Ž . Ž . Ž . Ž .15324 , 15342 , 15423 , 15432 and number them as s , . . . , s . For each1 60
˜s g A , we fix a preimage s in 2 A . We take 1 s 1. If s is a cycle of order˜5 5
3, we take s to be its preimage of order 3. If s is the product of two˜
Ž .Ž .  4disjoint transpositions, we write s s kl mn with k s min k, l, m, n and
1 Ž .Ž .m - n and take s to be the element e y e e y e in the Clifford˜ k l m n2
algebra. If s is a cycle of order 5, we take s to be its preimage of order 5.˜
Ž 2 . Ž .We fix a root x of the polynomial P X and let x s s x , for˜1 i i 1
Ž .˜ ˜2 F i F 60. For each t g 2 A , we can compute the matrix of w t in the5
Ž .basis x as in Section 4.1.1 by using the Clifford algebra. Thei 1F iF 60 & & &
group 2 A is generated by the elements 12345 , 14 23 , and 12 34 .Ž . Ž . Ž . Ž . Ž .5
Let us assume that x is the character of the representation sending2, 1& & &
12345 to the matrix S9, 14 23 to the matrix U9, and 12 34 to theŽ . Ž . Ž . Ž . Ž .
matrix T 9, where S9, U9, and T 9 are the matrices defined in Section 3. We
will now determine an invariant subspace of dimension 2 of w such that a
w restricted to it has character x . To this end, it is enough to consider2, 1& & &
Ž . Ž . Ž .w 12345 , w 14 23 , and w 12 34 . By looking at the matrices S9,Ž . Ž . Ž . Ž . Ž . &
Ž .U9, and T 9, we see that the restriction of w 12345 , respectivelyŽ .& &
Ž . Ž .w 14 23 or w 12 34 , to the invariant subspace we are looking forŽ . Ž . Ž . Ž .
must have eigenvalues z and z 4, respectively, i and yi. We compute a&
Ž .generic eigenvector of w 12345 of eigenvalue z , where z denotes theŽ .
primitive fifth root of unity fixed in the definition of the matrices S9 and&
Ž .Ž .U9, depending on 12 parameters. Let w [ w 14 23 ¤ . We have thatŽ . Ž .& &
2Ž .14 23 has order 4 and so w 14 23 s yI which implies thatŽ . Ž . Ž . Ž .& &
Ž .Ž . ² : Ž .w 14 23 w s y¤ . Now we impose ¤ , w invariant by w 12345 andŽ . Ž . Ž .& &
4Ž . Ž .Ž .that w 12345 has eigenvalues z , z , i.e., that w 12345 w yŽ . Ž .N²¤ , w:
4 ² :z w is a multiple of ¤ . We impose further that ¤ , w is invariant by& & &
Ž . Ž .Ž . Ž .Ž . ² :w 12 34 , i.e., that w 12 34 ¤ and w 12 34 w belong to ¤ , wŽ . Ž . Ž . Ž . Ž . Ž .&
Ž .and that w 12 34 has eigenvalues i and yi. We obtain then aŽ . Ž . N²¤ , w:
solution depending on two parameters. By choosing values for the parame-
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ters, we obtain that the subspace spanned by
¤ s y 1, z 4 , z 4 q z , z , z 2 q 1, z 2 y z 3 , yz 3 y 1, z 4 q z 2 , yz 3 y 1,Ž
z , 0, yz 3 y z , yz 3 y z , z 4 q z 2 , yz 4 , z 2 q 1, z 2 q 1, yz 2 ,
yz 3 y z , yz 4 y z 2 , yz 3 , z 3 q 1, 1, 0, yz 3 , z 3 q 1, z , 1 y z ,
1 y z 4 , z 4 , z 2 q 1, yz 2 , 0, 1, yz 4 y z 2 , yz 3 y z , yz 4 ,y z 3 y z ,
z 4 y z 3 , yz 4 y z , 0, yz 3 , z 4 q z , z 3 q 1, z 2 q 1, yz 2 , yz 3 , 0,
yz 4 , yz 2 , z 4 q z , yz 4 y z , z 2 , z y z 2 , 1, z 3 , yz ,
yz 4 y z 2 , 1, yz ,.
w s y z 4 y z 2 , z 2 q 1, yz 3 , z 4 q z , yz 4 , 0, z 4 , y1, z 2 , z 2 q 1,Ž
z y 1, z , 1, yz , yz 4 y z , yz 2 , y1, yz 3 y z , z 2 , z 4 , yz 3 y 1,
yz , z 2 q 1, z 4 y 1, yz 3 y z , y1, z 4 q z 2 , 0, 0, z 4 q z 2 , yz ,
yz 3 y 1, z 2 y z , z 4 q z , z 2 , z 4 , yz 3 y 1, z 3 , 0, z 2 , z 2 y z 3 ,
yz 2 y 1, yz , yz 3 , yz 3 , yz 4 y z , yz 4 y z , z 4 y z 3 , yz 3 y z ,
yz 2 y 1, y1, z 4 , z 4 q z 2 , 0, z 3 q 1, z 4 q z 2 , yz 3 y 1, z 3 ,
z 3 q z , yz 3 y z .
is an invariant subspace of dimension 2 of w such that w hasN²¤ , w:
character x .2, 1
4.3.2. Let us assume now that the group 2 A is realized by a5
polynomial of degree 40. So now w is a representation of dimension 20 of
2 A . For each s g A , we fix a preimage s in 2 A as in Section 4.3.1. We˜5 5 5
Ž 2 . Ž .fix one root x of the polynomial P X and put x [ s x for s˜1 i i 1 i
running over a system of representatives of the left cosets of A modulo5
²Ž .:the cyclic subgroup 123 of order 3. By writing down the left cosets of&
² :2 A modulo the subgroup 123 , we can now compute the representa-Ž .5
tion w. The decomposition of the character x of this representation in the
sum of irreducible characters gives x s 2 x q 2 x . We then go to4, 2 6
symmetric powers of w. Let x 2 denote the character of the symmetric
square w 2 of w. Its decomposition in the sum of irreducible characters
gives x 2 s 2 x q 13x q 13x q 15x q 14x . Let now x 3 denote0 3, 1 3, 2 4, 1 5
the character of the symmetric cube w 3 of w. Its decomposition in the sum
of irreducible characters gives x 3 s 48x q 48x q 154x q 106x .2, 1 2, 2 6 4, 2
Ž .Let V denote the C-vector space with basis x . We obtain clearlyi 1F iF 20
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the decomposition in invariant vector subspaces of the symmetric cube V 3
of V,
3 ² 3: ² 2 : ² :V s x [ x x [ x x x ,1F iF 20 1F i , jF 20 1F i , j , k F 20i i j i j k
with dimensions 20, 380, and 1140. We can see that the restriction of w 3 to
² 3:the subspace x is equivalent to w. The decomposition in the sum ofi
irreducible characters of the character of w 3 2 gives 12 x q 12 x qN² x x : 2, 1 2, 2i j
38x q 26x . By proceeding as previously, it would be possible to deter-6 4, 2
mine an invariant subspace of w 3 2 of dimension two such that theN² x x :i j
restriction of w 3 to it has character x or x .2, 1 2, 2
5. METHOD OF CONSTRUCTION
In this section we shall see how to construct an irreducible differential
equation of order 2 with Galois group one of the groups 2 A , 2S , or 2 A4 4 5
over a differential field k starting from a polynomial realizing one of the
groups A , S , or A over k. In the following, G will stand for one of the4 4 5
Ž .groups A , S , A , and 2G for the corresponding double cover. Let Q X4 4 5
be a polynomial of degree 4, respectively 5, realizing the group A or the4
group S , respectively the group A , over the field k. Let K be a4 5
Ž .decomposition field of the polynomial Q X . We assume that the embed-
Ž . Ž .ding problem 2G “ G , Gal K N k is solvable. For k s Q T , we can
w x w xfind examples of such polynomials Q in 8 or 17 . We note that the
Ž .Brauer group of Q T is zero and so the embedding problem above is
Ž . w x w xalways solvable for k s Q T . By applying the method given in 2 and 3 ,
Ž .'we can compute an element g g K such that K g N k is a Galois
extension with Galois group 2G. This element g is obtained in terms of
the roots of the polynomial Q, and by using the elementary symmetric
Ž .functions it can be written in a k-basis of K. Let P X be the irreducible
Ž 2 .polynomial of g over k. Then P X is a polynomial realizing 2G over the
Ž .field k. The degree of the polynomial P X is in each case equal to the
order of the group G. We are then in the case of Section 4.1.1, 4.2.1, or
' '4.3.1. We choose a square root g of the element g and take x to be g .1
We have computed in each case a basis of the invariant space of dimension
2 corresponding to an irreducible differential equation of order 2 of the
group 2G. We have then two functions F , F which are a fundamental1 2
system of solutions of this differential equation written down as a linear
Ž 2 .combination of the roots x of the polynomial P X with coefficients ini
Ž .'the field of constants C of k. We consider now the k-basis of L [ K g
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Ž .'obtained from a k-basis of K and the K-basis 1, g of L. We have
Ž .'x s s g for some s g G and its preimage s g 2G. The fact that L N k˜ ˜i i i i
Ž . 2is a Galois extension gives that for each s g G, s g s b g for somes
element b g K. This element b can be determined explicitly by computa-s s
tion in the Clifford algebra from the construction of the element g given
w x 'in 2, 3 . We have then x s "b g and the sign can be determined.i s i
From this expression, each x can be written in the k-basis of L. We havei
then an expression of each of the functions F , i s 1, 2, in the k-basis of L.i
Ž . Ž .By formal derivation of the polynomial Q X and reducing modulo Q X
we obtain the derivative of each of its roots y as a polynomial in y with
Ž .coefficients in k and of smaller degree than Q X . Using this expression,
we can compute the derivative of the element g and the first and second
derivatives of each function F . We are looking for a differential equationi
² :of order 2 with space of solutions F , F , i.e., for elements n , n , n in1 2 0 1 2
k such that n F q n FX q n FY s 0, for i s 1, 2. Now, for each F and its0 i 1 i 2 i i
derivatives we have obtained an expression in the k-basis of L. From the
two equations n F q n FX q n FY s 0, we obtain then a homogeneous0 i 1 i 2 i
system of linear equations in n , n , n , which must be compatible of rank0 1 2
2 and gives a solution for the coefficients n g k depending on onei
parameter.
Ž . Ž . y1Ž .Let now s be the cycle 123 of order 3 in G and G [ s g s g g .
²Ž .:Then the element G is invariant by the subgroup 123 of G. Moreover,
Ž . 2 y1Ž . 2y1we know that s g s b g and s g s b g for some elements b ands s s
b y1 in K. Then G s b2 b2y1g 3 differs from g in a square factor and sos s s'Ž . Ž . Ž .'K G s K g . If P X is the irreducible polynomial of G over k, then1
Ž 2 .P X is a polynomial realizing over k the group 2 A with degree 8, or1 4
the group 2S with degree 16, or the group 2 A with degree 40. In this4 5
case, we have two functions F , F which are a fundamental system of1 2
solutions of an irreducible differential equation with Galois group 2G
written down as a linear combination of products of three roots x of thei
Ž 2 .polynomial P X with coefficients in the field of constants C of k. By
proceeding as above, we can express F and F and their first and second1 2
derivatives in a k-basis of L and reduce the determination of a differential
equation of order 2 with Galois group 2G to the resolution of a system of
linear equations over k.
We examine now in more detail the case of the group 2 A . By the4
w x Ž .'construction given in 2 , an element g such that K g is a solution to
Ž .the embedding problem 2 A “ A , Gal K N k is the spin norm of ann n
element z in the Clifford algebra of the quadratic trace form of the degree
n extension K A ny 1 N k. The explicit expression of the element z is given in
w x2, Proposition 2 and, for each s g A , the expression of the element bn s
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such that g s s b2g is given in its proof in terms of z. From these data, ins
the case of A , a computation in the Clifford algebra gives that for s a4
cycle of order 3 of A ,4
2g s
b s .y1s s sg y g y g
Ž . s y1The fact that for each pair s, t of elements of A we have b b b s4 s t st
a , for a a 2-cocycle representing the non-zero element of the cohomol-s, t s, t
2Ž .ogy group H A , C , gives that4 2
b s b bŽ123. , b s b bŽ132. , andŽ12.Ž34. Ž123. Ž234. Ž13.Ž24. Ž132. Ž243.
b s b bŽ142. .Ž14.Ž23. Ž142. Ž234.
Moreover, with the choice of the preimages s of each element s g A˜ 4
Ž .' 'made in Section 4.1.1 we have s g s b g for each s in A .˜ s 4
We omit here the presentation of concrete examples because, in the
cases we have computed, our algorithm led to differential equations whose
coefficients are too big to be reproduced in this paper.
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